We derive the optimal universal broadcasting for mixed states of qubits. We show that the nobroadcasting theorem cannot be generalized to more than a single input copy. Moreover, for four or more input copies it is even possible to purify the input states while broadcasting. We name such purifying broadcasting superbroadcasting.
Broadcasting-namely, distributing information over many users-suffers in-principle limitations when the information is quantum, and this poses a critical issue in quantum information theory for distributed processing and networked communications. For pure states an ideal broadcasting coincides with the so-called quantum cloning, corresponding to an ideal device capable of producing from a finite number N of copies of the same state j i a larger number M > N of output copies of the same state, for a given set of input states. Since such a transformation is not isometric, it cannot be achieved by any physical machine on a generally nonorthogonal set of states (this is essentially the content of the no-cloning theorem [1] [2] [3] ). The situation is more involved when the states are mixed, since from the point of view of each single user, the local mixed state is indistinguishable from the partial trace of an entangled state, and there are infinitely many joint states corresponding to ideal broadcasting. For this reason in the literature [4] the word broadcasting is used technically to denote a map whose output has identical local states, versus the word cloning used for the case of tensor product of identical states.
Since ideal cloning is not possible, the quantum information encoded on pure states can be broadcast only approximately, and this posed the problem of optimizing the broadcasting, e.g., by maximizing an input-output fidelity equally well on all pure states. In the literature this kind of optimized broadcasting is called optimal universal cloning [5] [6] [7] [8] . For mixed states the no-cloning theorem is not logically sufficient to forbid ideal broadcasting. In Ref. [4] the impossibility of broadcasting has been proved in the case of one input copy and two output copies for a set of density operators generally nonmutually commuting. Later, in the literature (see, for example, Ref. [9] ) this result has been often implicitly considered as the generalization of the no-cloning theorem to the case of mixed input states. In the present Letter we will show that this assertion cannot be generalized to more than a single input copy. In particular, for numbers of input copies N 4 the no-broadcasting theorem does not hold, and it is even possible to purify while broadcasting. We named such a procedure superbroadcasting (see Fig. 1 ).
We now present the theoretical derivation of our result. Let us consider a general broadcasting channel from N to M copies, namely, a completely positive (CP) tracepreserving map from states on H in _ H N to states on H out _ H M that is invariant under permutations of input copies and of output copies. Moreover, we take the broadcasting to be universal, namely, the broadcasting map B is covariant under the group of unitary transformations of H , more precisely,
We will restrict attention to qubits, namely H ' C 2 . Upon using the Choi-Jamiolkowsky representation [10] 
where Q denotes a state on H in , and R B is a positive operator on H out H in , the covariance condition (1) is equivalent to invariance of R B under the group representa-
, U g denoting the j 1 2 representation, for g 2 SU2 [the symbol jIii denotes the maximally entangled vector jIii n jni jni, and the superscript denotes transposition with respect to the orthonormal basis fjnig]. In the Choi-Jamiolkowsky representation the tracepreserving condition on the CP map reads
where I in denotes the identity on H in . For the unitary group SU2 the complex conjugate representation of any unitary representation, say, V g , is unitarily equivalent to the direct representation, i.e., V g CV g C y , under the -rotation C around the y axis. The explicit form of C actually depends on the particular representation V g : for the tensor representation U 
where hhxii denotes the fractional part of x (i.e., hhL=2ii 0 for L even and hhL=2ii 1=2 for L odd), and the multiplicity d j can be evaluated by recurrence on L by adding a qubit at a time, giving d j 2j1 L=2j1 L L=2j [11] . Equation (6) for positive coefficients s j;l;J , P j;l J denoting the orthogonal projector over the irreducible representation J coming from the couple j; l.
The trace preservation condition is now equivalent to
2l1 I l , whence the latter condition becomes
namely, 
or to the Choi-Jamiolkowsky operator PRL
In terms of Clebsch-Gordan coefficients, this can be rewritten as
Now, we are interested in the single output copy, which is the broadcast state. This is given by the partial trace of Eq. (15) over M ÿ 1 copies. The evaluation of the partial trace needs the matching between the Wedderburn decomposition and the qubit tensor product representation. According to the Schur-Weyl duality the multiplicity space of the Wedderburn decomposition supports a unitary irreducible representation of the permutation group P M of the M qubits. Therefore, one has the identity for any operator
where l denotes the generic permutation. In particular, for X j jjmihjmj j1ih1j, j1i denoting any fixed vector of
Clearly, one can always choose the given vector of the irreducible representation as [11] jjmi j1i jjmi j ÿ i M=2ÿj ;
where j ÿ i denotes the singlet. We can then take the partial trace of both sides of Eq. (17). For each permutation, say, s , which exchanges the last qubit with one belonging to a singlet, one has Tr Mÿ1 s X j y s I 2 , and we have M ÿ 2jM ÿ 1! permutations of this kind. On the other hand, for each permutation, say, m , which exchanges the last qubit with one belonging to the j multiplet, one has Tr Mÿ1 m X j y m Tr jÿ1=2 jjmi hjmj and there are 2jM ÿ 1! permutations of this kind. Using the explicit form of the Clebsch-Gordan coefficients one can derive the following identity
Substituting the above formula when performing the partial trace of both sides of Eq. (17), one obtains the following expression for the single copy output density operator 
We are now interested in maximizing the length of the output Bloch vector. Since r 0 is linear on the convex set of broadcasting channels, we just need to consider extremal maps and look for the maximum r 0 opt r max '; fr 0 '; rg. It is possible to prove [13] that the maximal r 0 '; r is achieved for 'l M=2 and for l jl ÿ M 2 j, independently of r. For pure states these optimal maps coincide with those of optimal universal cloning transformations [5] [6] [7] [8] . Also, it can be shown [13] that our optimal map gives the same results achievable using the procedure of Ref. [11] .
As an example, in Fig. 2 we plot the scaling factor pr r 0 opt r=r for the maps maximizing r 0 for N 5 and several values of M. One can see that for a wide range of values of r, one has pr 1. This corresponds to a purification of the local states, and since one also has a number of copies at the output M > N greater than the number of inputs, it is actually a broadcasting with simultaneous purification, what we call superbroadcasting. Clearly, for M N one has more purification than for M > N, corresponding to the purification protocol [11] . The superbroadcasting occurs for N 4 input copies. As a rule, one has purification below some value r N; M of the input purity for a bounded number M M N of the output copies. In Fig. 3 We remind the reader that we have considered broadcasting of universally covariant sets of mixed states. Indeed, for smaller sets of input states it can be shown that superbroadcasting is possible also for N 3 input copies (as for equatorial phase-covariant mixed states [13] ), and, for even smaller sets, one cannot exclude superbroadcasting also for N 2.
In conclusion, we have derived the optimal universal broadcasting for mixed states of qubits, optimal in the sense that it maximizes the purity of local states. For pure states and M > N the map coincides with the optimal universal cloning transformation [5] [6] [7] [8] , whereas for N M it is equivalent to the optimal purification map of Ref. [11] . Thus our optimal broadcasting map generalizes/ interpolates between optimal cloning and optimal purification. We have shown that the no-broadcasting theorem [4] for noncommuting mixed states cannot be generalized to more than a single input copy, and for N 4 input copies one can even purify the state while broadcasting, below some maximum value of the purity. We named such a phenomenon superbroadcasting. The possibility of superbroadcasting does not correspond to an increase of the available information about the original input state , due to detrimental correlations between the local broadcast copies, which does not allow us to exploit their statistics. This phenomenon was already noticed in Ref. [14] , in an asymptotic analysis of the rate of optimal purification procedures. Notice that the correlations alone among qubits cannot be erased by any physical process, since the decorrelating map which sends a state to the tensor product of its partial traces is nonlinear. From the point of view of single users our broadcasting protocol is actually a purification (for states sufficiently mixed), and the same broadcasting process transfers some noise from the local states to the correlations between them. We think that the present result opens new interesting perspectives in the ability of distributing quantum information in a noisy environment.
This 
